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AN OBSTRUCTION FOR FLAT MANIFOLDS-WITH-BOUNDARY VIA
INCOMPRESSIBLE EULER EQUATIONS
SIRAN LI
Abstract. We prove a topological obstruction for a Riemannian manifold-with-boundary of
dimension at least 3 to be Euclidean flat: if the first homology is nontrivial, then the centre of
the fundamental group cannot be trivial. As a corollary, we obtain an obstruction for isometric
embeddings of Riemannian manifolds-with-boundary into higher-dimensional Euclidean spaces.
The arguments are motivated by the study of incompressible Euler equations with prescribed
initial and terminal configurations in hydrodynamics.
0. Introduction and the main result
0.1. The Euler Equation. In the seminal paper [2] in 1966, Arnold interpreted the Euler
equation describing the motion of incompressible inviscid flows on a Riemannian manifold-with-
boundary (M,g) as the geodesic equation on SDiff(M), the group of orientation-, volume-, and
boundary-preserving diffeomorphisms on M . The Euler equation on (M,g) reads as follows:
∂tv + div(v ⊗ v) +∇p = 0 in [0, T ]×M,
div v = 0 in [0, T ]×M,
〈v, ν〉 = 0 on [0, T ] × ∂M.
(1)
Here v : [0, T ] ×M → TM is the velocity, p : [0, T ] ×M → R is the pressure, ν is the outward
unit normal vectorfield on the boundary ∂M , and 〈•, •〉 is the inner product on ∂M induced by
the metric g. The infinite-dimensional Lie group SDiff(M) is equipped with the L2-metric. In
this note we shall normalise T = 1.
0.2. Two problems on SDiff(M). Arnold’s viewpoint initiated fruitful researches on the Euler
equation via global-geometric and variational methods. One important question is the following
Two-Point Problem: Given h0, hT ∈ SDiff(M). Find a smooth curve {ξt}t∈[0,1] such that
ξ0 = h0, ξT = hT , and that the action
J({ξt}) :=
1
2
∫ 1
0
∥∥∥∥∥∂ξt(•)∂t
∥∥∥∥∥
2
L2
dt (2)
is finite.
Without loss of generality, we shall take h0 = id throughout the paper. We call the
diffeomorphism hT ∈ SDiff(M) attainable if and only if the two-point problem is soluble for hT .
In this case, it is natural to furthermore consider:
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Classical Variational Problem: Given h0 = id, hT ∈ SDiff(M). Find a smooth curve
{ξt}t∈[0,1] such that ξ0 = h0, ξT = hT , and that {ξt} minimises the action J({ξt}).
The above problems are essentially different from the usual Cauchy problem. They are
concerned with whether two prescribed configurations of an incompressible fluid on M can be
nicely deformed into each other inside SDiff(M). A solution for the classical variational problem
will give rise to a smooth solution for the Euler Eq. (1).
0.3. Attainable and unattainable diffeomorphisms. In a series of original works [13, 15, 16]
around 1990s, Shnirelman showed that the answers to both the two-point problem and the
classical variational problem are, in general, negative. More precisely, denote by In the n-
dimensional unit cube [0, 1]n; it was proved in [13, 15, 16] that
Theorem 0.1. There are unattainable diffeomorphsims on I2; in contrast, any diffeomorphism
h ∈ SDiff(In) is attainable when n ≥ 3. Also, there exists hBAD ∈ SDiff(I
n≥3) such that there
are no action-minimising curves of diffeomorphisms connecting id and hBAD.
The existence of unattainable diffeomorphisms on I2 is closely related to the fact that the
diameter of SDiff(I2) (with respect to the L2-metric) is infinite. This can be proved for general
surfaces using symplectic geometric techniques; see Eliashberg–Ratiu [9].
On the other hand, let us remark that if h = hT is sufficiently close to id = h0 in the H
s-
norm for s > ⌊n/2⌋ + 1, then the two-point and classical variational problems are both soluble;
see Ebin–Marsden [8].
0.4. Some subsequent developments. This paper relies crucially on Theorem 0.1. Neverthe-
less, to put our work into perspectives, we digress briefly to discuss some developments further
to the resolutions of the two-point and classical variational problems.
The non-existence of action-minimising paths in SDiff(M) suggests that the putative fluid
flows which “minimise the kinetic energy” may allow collisions, merges, and splits of particle
trajectories. Thus, one may need to forgo the smoothness of SDiff(M) and work in measure-
theoretic settings. In 1989 Brenier [5] introduced the notion of generalised flows (GF). They are
the probability measures on the path space C0(I,M), where I = [0, 1]. A GF is incompressible if
and only if its marginals for all times t are equal to the normalised Riemannian volume measure
on M . Roughly speaking, GFs correspond to measure-valued solutions for the Euler Eq. (1).
Pioneered by [5], variational models for incompressible GFs remain up to date a crucial
topic of mathematical hydrodynamics. Many studies have been devoted to understanding the
approximations by diffeomorphisms, the rôle of pressure, the optimal transportational aspects,
and the numerical algorithms for GFs. We refer the readers to Bernot–Figalli–Santambrogio [4],
Ambrosio–Figalli [1], Brenier–Gangbo [6], Eyink [10], and Benamou–Carlier–Nenna [3] among
many others papers, as well as the exposition [7] by Daneri–Figalli.
In addition, Arnold’s paper [2] triggered active research activities on the global geometry
of diffeomorphism groups. See Misiołek–Preston [12] and the many references cited therein.
0.5. Fluid domains other than In or Tn? The works [3, 4, 5, 6, 7, 10, 13, 15, 16] cited
above pertaining to unattainable diffeomorphisms or generalised flows are all working essentially
with In, the unit cube, or Tn, the flat torus. (Ambrosio–Figalli [1] obtained results for GF on
measure-preserving Lipschitz preimages of In or Tn.) It seems difficult to generalise many of the
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results in the above works to general manifolds, as they make crucial use of explicit constructions
of fluid flows on In or Tn.
On the other hand, considerable developments concerning measure-preserving homeomor-
phisms and diffeomorphisms on manifolds-with-boundary have taken place in topology and dy-
namics. See, e.g., Fathi [11], Schwartzman [14], and many subsequent works.
0.6. Our main result. Motivated by the above discussions, we set out to combine various ideas
from (A), the topological properties of Lie groups of measure-preserving (also, boundary- and
orientation-preserving) homeomorphisms/diffeomorphisms on manifolds-with-boundaries; and
(B), the two-point problem of the Euler equation.
In particular, making use of results on unattainable diffeomorphisms via the mass flow
homomorphism as in §5 of Fathi [11] and on symplectomorphism groups by Eliashberg–Ratiu
[9], we arrive at a somewhat surprising topological-geometrical result; the surprise mainly comes
from the method of the proof:
Theorem 0.2. Let (M,g) be an n-dimensional compact Riemannian manifold-with-boundary;
n ≥ 3. If g is the Euclidean metric and H1(M ;R) 6= {0}, then π1(M) has nontrivial centre.
Recall that the centre of π1(M) is the subgroup
Z
Ä
π1(M)
ä
=
{
σ ∈ π1(M) : σγ = γσ for all γ ∈ π1(M)
}
.
Example 0.3. As an illustrating example, consider a rope in R3 — by a rope we mean the
thickening of a knot K; i.e., making a small tubular neighbourhood of K solid. The rope has
nontrivial first homology, while the centre of its fundamental group is Z.
1. Notations and Nomenclatures
The following notations shall be used throughout:
• I = [0, 1] and In = [0, 1]n.
• For a set S, denote by S˚ its interior (with respect to an obvious topology in context).
• For sets S and R, S ∼ R denotes the set difference.
• For a group G, Z(G) denotes its centre.
• (M,g) is a Riemannian manifold-with-boundary if M is locally diffeomorphic to Rn or
Rn+ = {x = (x
′, xn) : x′ ∈ Rn−1, xn ≥ 0}, and g is a Riemannian metric on M .
• ∂M is the boundary of the manifold M .
• id denotes the identity map that is clear from the context.
• For a topological space X containing id, X0 denotes the identity component of X.
• En is Rn equipped with the Euclidean metric.
• Homeo(M) is the group of homeomorphisms on M .
• Let µ be a measure on M . Homeo(M ;µ) is the µ-preserving subgroup of Homeo(M),
namely that Homeo(M ;µ) := {Φ ∈ Homeo(M) : Φ#µ = µ}. As in [11], we always
consider µ that is “good” in the sense of Oxtoby–Ulam [17], i.e., µ is atomless, its support
is the entire M , and µ(∂M) = 0.
• ‰ Homeo 0(M ;µ) is the identity component of the universal cover of Homeo(M ;µ).
• Diff (M) is the group of diffeomorphisms on M . When ∂M 6= ∅, an element of Diff(M)
also fixes the boundary (hence the corresponding vectorfields are perpendicular to ∂M).
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• Φ# and Φ
# denote the pushforward and pullback under Φ, respectively. They can be
defined for suitable measures, maps, tensorfields, etc.
• Ω is the Riemannian volume measure on M .
• SDiff (M) := {Φ ∈ Diff(M) : Φ#Ω = Ω}.
• A path {ξt}t∈I in SDiff(M) with ξ0 = id is known as a smooth isotopy connecting id
to ξ1. We also write it as {ξt}. In Fathi [11], Appendix A.5 it is written as (ξt), and
the group of isotopies is denoted by IS∞(M). Moreover, IS(M ;µ) denotes the subgroup
of µ-preserving smooth isotopies. Therefore, the two-point problem in §0.2 concerns the
existence of smooth isotopies with volume measure-preserving prescribed endpoints.
• J{ξt} denotes the action (total kinetic energy) of the isotopy {ξt}, defined in Eq. (2).
• Hk(M ;R) and H
k(M ;R) denote the k-th R-coefficient homology and cohomology groups
of M , respectively.
• π1(M) is the fundamental group of M .
• For a vectorfield X and a differential form β on M , X β denotes the interior multipli-
cation of X to β.
• In many places, [•] designates an equivalence class. For example, for a closed k-form β
on M , [β] may denote the corresponding cohomology class in Hk(M ;R).
• T1 = R/2πZ = S1. We write T1 to emphasise that the group operation is additive.
• For a map f : X → T1 with f(0) = 0, we write f for its lift to the universal R with
f(0) = 0.
• We shall reserve the symbol θ : Homeo0(M,µ) → H1(M ;R) for the mass flow homo-
morphism on M ; see §2.
• θ˜ is the lift of θ; see §2 too.
2. Mass flow
An essential ingredient of our arguments is the mass flow homomorphism defined by Fathi
in §5, [11]. The idea had also appeared in [14] by Schwartzman, under the name of “asymptotic
cycles”. We summarise here the definition and some properties of the mass flow, which will be
needed for the proof of Theorem 0.2 in §3.
Let M be a compact metric space. Given any good measure µ on M (in the Oxtoby–Ulam
sense), one can define a natural map
θ˜ :‰ Homeo 0(M ;µ) −→ Hom ÄîM,T1ó ;Rä , (3)
where
[
M,T1
]
is the homotopy class of maps from M to T1. When M is a compact manifold-
with-boundary, we have
Hom
Äî
M,T1
ó
;R
ä
∼= H1(M ;R),
as well as ‰ Homeo 0(M ;µ) = IS(M ;µ)/ ∼,
with the equivalence relation {ht} ∼ {kt} if and only if h0 = k0 = id, h1 = k1 = e, and there
is a continuous map H : I × I → Homeo(M ;µ) such that H0,s = id, H1,s = e, Ht,0 = ht,
and Ht,1 = kt. The space IS(M ;µ)/ ∼ is equipped with the quotient topology derived from the
compact-open topology on the isotopy group.
To define θ˜ in Eq. (3), take any {ht} ∈ IS(M ;µ). Then, for any f ∈ C
0(M,T1) we have a
homotopy (f ◦ht−f) : M → T
1 which equals 0 at t = 0. So one may lift it to f ◦ ht − f : M → R.
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We set
θ˜({ht})(f) :=
∫
M
f ◦ h1 − f dµ. (4)
One can easily check that θ˜ induces a homomorphism as in Eq. (3), and that θ˜ is continuous
when Hom
([
M,T1
]
;R
)
is endowed with the weak topology.
Write N (M ;µ) for the kernel of the universal covering ‰ Homeo 0(M ;µ)→ Homeo(M ;µ).
It is identified with “loop space”:
N (M ;µ) =
{î
{ht}
ó
∈ IS(M ;µ)/ ∼: h1 = id
}
.
For M being a compact manifold-with-boundary, set
Γ := θ˜ (N (M ;µ)) ≤ H1(M ;R). (5)
Then θ˜ declines to a homomorphism
θ : Homeo(M ;µ) −→ H1(M ;R)/Γ. (6)
We shall call either θ˜ in Eq. (3) or θ in Eq. (6) the mass flow homomorphism.
When M is a compact Riemannian manifold-with-boundary equipped with a normalised
volume form Ω (
∫
M Ω = 1), one may further characterise θ˜ via smooth isotopies.
1 Indeed, θ˜ is
equivalent via the Poincaré duality to
‹V : IS∞(M ; Ω) −→ Hn−1(M ;R),
where for {ht} ∈ IS
∞(M ; Ω) we define ‹V ({ht}) as follows: let Xt ∈ Γ(TM) be the vectorfield
whose integral flow is ht. Then
‹V ({ht}) := ∫ 1
0
Xt Ωdt,
where denotes the interior multiplication.
Finally, let us present here Proposition 5.1 in [11], attributed to D. Sullivan. Consider the
homomorphisms:
aM :
î
M,T1
ó
→ H1(M ;Z), f 7→ f#σ;
bM : H1(M ;Z)→ Hom
Ä
H1(X;Z),Z
ä
the natural duality;
hM : π1(M)→ H1(M ;Z) the Hurewicz map,
and define
αM := a
∗
M ◦ bM ◦ hM .
Then, whenever M is a connected compact metric space, it holds that
αM (Γ) ⊂ Z
Ä
π1(M)
ä
. (7)
3. Proof of the main Theorem 0.2
Our proof has three key components:
(1) the mass flow homomorphism (§2);
1 Fathi [11] attributed this result to W. Thurston, “On the structure of the group of volume preserving diffeomor-
phism (to appear)”. It seems to the author that this Thurston paper has never appeared in publication.
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(2) Shnirelman’s proof for the existence of unattainable diffeomorphisms on I2 (see Theo-
rem 0.1 and [16]);
(3) control of the action J by the mass flow (see Appendix A, Eliashberg–Ratiu [9]).
Proof. Let (M,g) be a compact Riemannian manifold-with-boundary of dimension n ≥ 3. With-
out loss of generality, we may assume that M is connected.
Suppose for contradiction that g is the Euclidean metric, π1(M) has trivial centre, and
H1(M ;R) 6= {0}. We would then have an inclusion (i.e., isometric embedding)
(M,g) →֒ En.
Let {Bj = B(xj, ρj)}
∞
j=1 be a collection of disjoint Euclidean n-balls inside I˚
n, such that xj has
an accumulation point on the boundary ∂In.
Consider the mass flow homomorphism in Eq. (6):
θ : Homeo 0(M,µ) → H1(M ;R),
where µ is the normalised volume measure on (M,g), and Homeo 0(M,µ) is the identity com-
ponent of the group of µ-preserving homeomorphisms. In this case, µ is the Lebesgue measure
restricted toM , which is clearly good in the Oxtoby–Ulam sense [17]. Under the assumption that
π1(M) has trivial centre, by Eq. (7) we know that Γ is trivial. In fact, θ is a group epimorphism
(see Fathi [11], §5).
Moreover, as M is a smooth manifold-with-boundary, we can choose the generators of
H1(M ;R) to be smooth loops with tubular neighbourhoods inM . For a generator [σ] ∈ H1(M ;R)
and any j ∈ N, let us select hj ∈ Homeo 0(M,µ) such that
θ(hj) = N(j)[σ],
where N(j) is a large number to be specified later. Thus ‖θ(hj)‖ = c1N(j), with c1 being the
positive constant ‖θ([σ])‖.
Here and hereafter, the norm ‖ • ‖ is the quotient norm on cohomology/homology groups
induced by the usual L1-norm on differential forms. We shall fix σ once and for all.
Let Oj be suitable compositions of homotheties and translations on E
n such that Oj(M) ⊂
B˚j for each j. Then we set
S∞(x) :=
x if x ∈ I
n ∼
⋃∞
j=1Bj ,
Oj# hj(x) if x ∈ Bj .
It is a volume-preserving, orientation-preserving diffeomorphism on the cube In which fixes the
boundary ∂In.
Since the dimension n ≥ 3 and S∞ ∈ SDiff(I
n), by Theorem 0.1 (cf. Shnirelman [15]), S∞
is an attainable diffeomorphism. That is, there exists an isotopy {kt}t∈I ∈ IS
∞(In;µ) connecting
id to S∞ with J({kt}) <∞; J is the action/total kinetic energy in Eq. (2).
By the construction of S∞, we have
J({kt}) ≥
∞∑
j=1
Jj, (8)
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where
Jj =
1
2
∫ 1
0
∫
Bj
∣∣∣∣∣∂kt(x)∂t
∣∣∣∣∣
2
d
¶
Oj#µ(x)
©
dt. (9)
Note that k0 = id and k1 = Oj# hj on each Bj.
To proceed, we relate the integral of |∂kt/∂t| to the mass flow homomorphism. The argu-
ments essentially follow from Appendix A in Eliashberg–Ratiu [9], with more details provided.
First note that ∫
Bj
∣∣∣∣∣∂kt(x)∂t
∣∣∣∣∣
2
d
¶
Oj#µ(x)
©
=
∫
M
∣∣∣∣∣∣∂
Ä
Oj
#kt
ä
(y)
∂t
∣∣∣∣∣∣
2
JOj(y) dµ(y), (10)
where JOj is the Jacobian of Oj . Since Oj is a homothety that sends M into an n-ball of radius
ρj (modulo rigid motions in E
n), it is clear that
JOj ≥ c2(ρj)
n (11)
with some universal constant c2 depending only on the volume of (M,g).
Thanks to Eq. (11), we have
∫
M
∣∣∣∣∣∣∂
Ä
Oj
#kt
ä
(y)
∂t
∣∣∣∣∣∣
2
JOj (y) dµ(y) ≥ c3 (ρj)
n
∫
M
∣∣∣∣∣∣∂
Ä
Oj
#kt
ä
(y)
∂t
∣∣∣∣∣∣ dµ(y), (12)
where c3 again depends only on the volume of (M,g). This follows immediately from the Cauchy–
Schwarz inequality.
Now, notice that for any vectorfield X ∈ Γ(TM), it holds that∫
M
|X|Ω ≥ c4 ‖X Ω‖ (13)
for a dimensional constant c4, where is the interior multiplication and Ω is the normalised
volume form corresponding to µ. We can see this, for example, by computing in local co-
ordinates. Let {∂1, . . . , ∂n} ⊂ Γ(TM) be the canonical frame (recall that M is Euclidean) and
{dx1, . . . , dxn} be the dual coframe. Then write X =
∑
Xi∂i and Ω = ρdx
1 ∧ · · · ∧ dxn for
scalarfields X1, . . . ,Xn, and ρ. It follows that∫
M
|X|Ω =
∫
M
 ∑
i
|Xi|2 ρdµ
and
X Ω =
∑
i
(ρXi) dx1 ∧ · · · ∧ dxi−1 ∧ dxi+1 ∧ · · · ∧ dxn.
On the other hand, ‖X Ω‖ is less than or equal to the L1-norm of X Ω. Hence
‖X Ω‖ ≤
∫
M
ρ
(∑
i
∣∣∣Xi∣∣∣) dµ,
from which Eq. (13) follows.
Let us take
X =
∂
Ä
O#j kt
ä
∂t
.
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An application of the Fubini theorem and Eq. (13) yields that∫ 1
0
∫
M
∣∣∣∣∣∣∂
Ä
Oj
#kt
ä
(y)
∂t
∣∣∣∣∣∣ dµ(y) dt ≥ c4
∥∥∥∥∥∥
∫ 1
0
∂
Ä
Oj
#kt
ä
∂t
Ω
 dt
∥∥∥∥∥∥ . (14)
However, recall from §2 that the group homomorphism sending a smooth isotopy to a
representitive of the (n− 1)-cohomology:
¶
Oj
#kt
©
t∈I
7−→
∫ 1
0
∂
Ä
Oj
#kt
ä
∂t
Ω
 dt
 ∈ Hn−1(M ;R) (15)
is the Poincaré dual of θ˜
(¶
Oj
#kt
©
t∈I
)
, where θ˜ is the lift of the mass flow homomorphism θ.
The square bracket over
∫ 1
0 dt denotes the equivalence class in the cohomology group. Since
π1(M) has trivial centre, we can work with θ and θ˜ interchangeably, thanks to Proposition 5.1
in [11] due to Sullivan.
We also recall that the θ-image of the volume-preserving diffeomorphism hj ≡ Oj
#k1 is
N(j)[σ], where [σ] is the nontrivial cycle in H1(M ;R) chosen before. By the definition of the
mass flow homomorphism (see Eqs. (3) and (4)), it holds that
θ˜
(¶
Oj
#kt
©
t∈I
)
(ϕ) =
∫
M
ϕ ◦ hj − ϕdµ
for each test function ϕ ∈ C0(M,T1), where ϕ ◦ hj − ϕ is the lift of ϕ ◦ hj − ϕ from T
1 to the
universal cover R with ϕ ◦ k0 − ϕ = 0 (recall that k0 = id). So∥∥∥θ˜ (¶Oj#kt©
t∈I
)∥∥∥ ≥ c5N(j) (16)
with another universal constant c5 > 0 (which may depend on c1).
Thus, combining (16) and (15), we obtain∥∥∥∥∥∥
∫ 1
0
∂
Ä
Oj
#kt
ä
∂t
Ω
 dt
∥∥∥∥∥∥ ≥ c5N(j).
This together with (8), (9), (10), (11), (12), and (14) leads to:
J
Ä
{kt}
ä
≥
c3c4c5
2
∞∑
j=1
N(j) · (ρj)
n.
By choosing
N(j) := (ρj)
−nj−1
we get
J
Ä
{kt}
ä
=∞,
which contradicts the attainability of S∞ ∈ SDiff(I
n). Therefore, there cannot be an inclusion
(M,g) →֒ En. The proof is now complete. 
4. A concluding remark
For a compact Riemannian manifold-with-boundary (Mn, g), let ι : (Mn, g) →֒ En be an
isometric embedding.
Definition 4.1. We say that ι has the “rigid isotopy extension property” if for every {ξt}t∈I ⊂
SDiff(M,g) and for any ǫ > 0, the following two conditions hold:
8
• There exists
¶
ξˆt
©
t∈I
⊂ SDiff
Ä
E
n
ä
such that J({ξt})+ ǫ > J
Ä¶
ξˆt
©ä
and ξˆt ◦ ι = ι ◦ ξt for
all t ∈ I.
• For any
¶
ξˇt
©
t∈I
⊂ SDiff
Ä
E
n
ä
such that ξˇt ◦ ι = ι ◦ ξt for all t ∈ I, one must have
J({ξt}) < J
Ä¶
ξˆt
©ä
+ ǫ.
In the above definition, J ({ξt}) is computed with respect to (M,g), and J
Ä¶
ξˆt
©ä
, J
Ä¶
ξˇt
©ä
are computed with respect to En.
Heuristically, an isometric embedding (M,g) →֒ En has the rigid isotopy extension property
if and only if any smooth, volume-preserving isotopy onM can be extended to an ambient isotopy
on En at the expense of very small extra kinetic energy; moreover, any such extension cannot
essentially save any kinetic energy.
A straightforward adaptation of the arguments in §3 yields an obstruction for the existence
of isometric embeddings into ambient Euclidean spaces:
Corollary 4.2. Let (M,g) be a compact Riemannian manifold-with-boundary. Assume that
(M,g) admits an isometric embedding into En with the rigid isotopy extension property; n ≥ 3.
If H1(M ;R) 6= {0}, then π1(M) must have nontrivial centre.
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